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DEFORMATION- ANALYSIS CF WING STRUCTURES
By Paul Kuhn

SUMMARY

The elementary theoriee of bending and toreion often do not
describe the stresres in aircraft sholl ctructuree with adequate
accuracy; more refincd otress theories have therefore becn doveloped
over a poriod of years. Thoeriss of this nature are applied to tho
problem of celculating the deflections, particularly ot wings.
Bending as vell ae torsional deflectionsn are discusced for winge
without or vith cut-outi. Whenever convenlent, tho formules are
given in such a form that they ylol}d corrections to be added to the
deflections calsulated by means of tho elemcatary theories. Examplee
show that the deflection corrcctions usually are quite small; vory
oimple approximation formulas are therefor: adequate for 3osign
purposee vhon conventional structures under a ressonably uniform
loading are being considerod.

INTRODUCTION

The elementary theorices of bending and torsion aro ofton not
sufficiently accurate Tfor deturmining the stecases In alrplans wings.
The bending streeses ar: modified by choa:r lag and the torsion
stressos, by the no-called bonding strecsor duo to torsion. While
an appreciable amount os’ litersture exints on these subjects, little
attention has becn given to the resuvlting effocts on the bending or
toreional deflections. Thie relative lack of attention was not
accidental. The deviations of the stresses from thoee. predicted by
the elementary thuoriea are local, and loczl disturbances are levelcd
off by the integration procesncs neceesary to calculate doflections.
The deviations of tho deflectiona from thoto procicted by tho elemon-
tary theories aras therefore much cmaller than the otrons devistions,
and this fact, tegether with the fact that deflections wcre only of
aoubordinate intercet in the past, nccounts for the mmall emount of
attention given to deflection calculatione. Howsyer, tho rapidly
ircroaeing importanco of deflection calculaticre malkes 1t decirs=blo
to give eomo diocuasion of the probluma.




NACA TN No. 1361
SYMBOLS

A uniform system of symbola is used herein to cover toreion as
well as bending problems. Some of the symbols differ, therefors,
from those used in the referencee. Particular attention is called
%o the fact that the symbol D denotes the full width of the box,
vhersas 1t denoted the half-width of the box in all the references
dealing with shear lag.

a length of bay
width of box beam

width of net section alongelde cut-out (cosming stringer.
to corner Tlange)

half-longth of cut~out; half-length of carry-through day
fractions defined by egquation (1%)

depth of box beam

depth of front spar

depth of rear epar

torque-division factor (fraction of torgque carried by
shear webs in cut-out bay)

ordeor number of any station or bay

coefficlents used in torsiocn-bending analysis (appendix A)
order mmber of root station or dbay

ghear flow (shear forcé por inch run)

thicinese of ehoot (when used without subecript denotes
thickness of cover shesct of box beam)

Yp1s tny, te Bee figure 5

v width of cut~out

wT ‘coefficlent used in torsion-bending enalysis (appendix A)
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¥ 2 coordinates (see figa. 1 and 2)

A area of corner flange in crose aecti;m of box as
aimplificd for torslon analysis

Aoy crope-sectlonal area of actual corner flange

area of corner flange in crose esection of box as
simplified for shiar-leg anelysis

erea of longitudinel in croen?section of beem as
eimpliried for shenr-lag analysie

.(- %AST oxcepl at cut~m\.t)

total nrosp-gectional arca of all stringers on one
cover of hox boam, including effective widths of sheet

Ay + AL

area enclosed by crosa-section of torsion box
gee figure S

Young'e modulus

shear modulue

moment of inertia

toreion ccnastant

torsion-bending rerametor (oquation (12)) or sheer-lag
parameter (equation (26€))

length of box heam {root to tip)
bending moment

force or load

radius of curvature of elastic line

shear force in shear web {eguals external sheay force
nminus vertical component of flange Torce)
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torque

correction force in corner flange at station n

bending deflection of box beam celculated by elementary
_ theory (ELI d.eflecticm)

additional bending deflection caused by shear lsg in
cover

additional bending deflection caused by shear deformation
of shear web

" ptructural parameter defined by equation (11)
direct stress

chear stress

angle of twist of torsion box

Bubscripts:

b pertaining to horizontal wall of box beam
portaining to not section alongside cut-out
effectlve
pertaining to vertical wall of box beem
root
cut-out, cut-out bay
carry~throush he:
full bay
pertaining to longitudinals (stringers)
substitute

Sub-subscripts:

B bottom

F

ey
e
R Lian B IS
e LN
T e

P
.
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The bending deflection ¥ is increased by the so-called sheer
deflection 8 arieing fram the shear strains in the vertical webs.
The method of calculating this deflection is well lmown and requires
no commente here.

Advenced theordes and their application to 3eflection
calewlations.~ The elemontasy theorioa of toralon and bending ere
baped on mesumptions which are wsually violated in actuel wing
structures. The slementery torolon thoory is valid enly for a
shell of constent eection, subjected to a torguo at ~ach end In
the form of 2 shear flow that ie distridbuted along the perimeter
in accordence with the theory an? thzt leaves tio cnd scctlons free
to varp out of their original nlanes. An actual wing has a variable
section and ie subjected to distributed torque loads; es a reeult,
the tendency to warp difters from sectlion to soction, and secondary
streeses are set up by the resulting intorference ciifecta. Similarly,
the elomentary bending theory 1s strictly valid only if the &applied
load ie a pure bending moment. In actual wing structures, the
bending moments are produced by trensverse loads, and the cheer
straine in the covers produced by these loads violate the assumption
that plane croes ssctions remaln plene. As in tho torsion cese,
intorterence effoects between adjacent serctions produce eccondary
stressen.

Strese theorles that talco those interference sff'ects into
account are unavoldably more complox and lens general than thae
elementary stresp theorles. Thoy nccosearily make use of oimplifying
and restrictive essumptions, particulurly regarding the crose sections,
in ordor to keep the mathematisal complexity within bounds. The
gffect of those amoumptiuns on the accuracy of the calculations can
be minimized (oxropt in the roglons sround large cut-outs) by the
following procedure?

(1) The elomentary ctresscs are celculatod for the actual
croge cectiono.

(2) The secondary etresoes produced by the interference effects
are calculated ucing cross sactione simplified as much 288 necessary
or desirable.

In conventional wing structirss with reasonebly uniform loading
(constant sign of bending or torsional mament along span), adequate
accuracy can often be obtained oven vhen highly stuplifisd cross
soctions are usert. Thie remark applize to stroes calculatione and
even mors forcefully to doflection calculations, because any
stipulated accurucy of the deflictions can b~ achieved with a lower
ordor of accuracy in the etrepsen. Although this fact 1s quite wel)
nown it will be demonstrated later by means of an example for the
toreion case as well an for the bending casa,
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According to the theory of torsion bending (reference 1), the
largest deviations from the elecmentary theory are found at the root
‘because warping im prevented entirely at this station. The shear
stresses at tho root can bo written in the form

T.b -"Fb(l - ‘]) . ) (9)
Tp =¥y (1 4 0) (20)
where
b kb L
h W

The terms o0 (or '-?hn) represont correction terma that must be
added to the stresses ‘-i'.b(or '-'r'h) computed by the elomentary thoory
in order to obtain the trus stresses. In wing boxes, hft, is

usually much smaller then bft,, and 1 is consequently only little
less then wnity. The correction terms ere thorsfore necarly as large

- a@ the otresses calculated by the elomentary theory and are thus

obviously important.

The fundamental relations given in referenco 1 pormit the
derivation of & differential cquation Tor the anglu of twist, which
appoays as a function of the torsion-bending perameter

TRy
&%)

Boxes approximating the proportions fourd in wings have a length L
such that it is peymissible to set

K= (12)

tenh KL% .1

RO
“":Jm- IR DT
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For such proportions, the solution of the differential squation
takes the fom

Q= 3[1 --;;- (1 - Q'Kz)] (13)

The angle of twiot is plotted in figwre 3, with 1 taken as unity
for simplicity. It is apparent that the correction to the elementary
theory, in regions not close to the root, is approximately a constant.

At the tip, vith o %Xw o,

. 2
Peap = Prap (1 - %;,‘) 6Ly

For conventional wings, KL is of the order of 10, and the correctiom
term that must be added to the tip twist calculated by the elementary
theory would therefore amovnt to about 10 percent if the wing were

of constant secticn and 1f the torque were applied at the tip.

Actual wings are tapered end carry a distributed torgue, dut these
two deviations from tho simple caso tond to offset each other in
their influvence on the twist curve; the calculation just made mey
therefors serve &s a rough indication of the order of magnitude of
the twist correction. A stipulated maximm error of 2 percent in

the tip tvist - which iz about the best that cen be reasonably
expected - can therefore be achleved with a permiscible error of
gbout 20 percent in the twist correction. The use of highly
simplified cross sections for the calculation of the twist correction
is thus justified in general.

ication of crosse sect «~ The simplified cross section
(f1g. 2) corresponding to an actual croes section cuch as shown in
figure 1 is obtained as follows: : o

(1) The thicknesses of the top and bottom cover th and ”
respectively, are aversged by the formula

§HE )

This method of averaging is indicated by the consideration that a
wmnit length dx of the two covers of thickness % should absorb
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the same emownt of internal work as a wnit length of the two actual
covers with the thicknesses ’obT and bbn, respectively, or :

2 2 2
2L ax w v ax + ~pax

ER

In the seme Wr, average voluss of ty, h, Agp, end Ay are
obtainel.

(2) The croen~ecctional eron A of the idoamlized cornexr flenge
is obtained by the formula

A = Aop + Tahty + falgn (15)

On the basis of the usual assumpion that tho chordwise distritution -
of the hending (normal) streeses duo to torsion is lineer,

-1
flsfang

Shear-lag cffects produce dvviations from the linear eiress distri-
butione end reduce the factoro bolow the value of one-sixth. The
theory of theeo offects is inadequate at present, and experimental
data arc acarce. In particular, 1ittle information exiests on the
effects of teper, which eppear to be powsrful. (n the basis of such
experimontal data as exiet, 1t is tentatively suggeoted that the
following valucs he usod:

1
flng

f5 9 0,066 + 0.0Lx 2a (2a< 0% &  ‘(15a)

-

fy = 0.166 (2a S 10°)

vhere 2a 1e tho total taper anglo of the oover in degrees.
Formulen I(_l’)‘a) ers prohably alveye eufficisntly accurate for defor~
mntiqq g_m;lyeie;, but may be insdequate mometimes for strese snalysis.

o _'::_ "

L e . “-‘."?.““T'"“"'W-s.

L a
A ]
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Caleulation of twist correction.~ After simplification of the
cross sections, tho toraion box appeers in the form shown in
tigure 4(a). Vithin each bay, the crose section 15 ascumed to be
constant, end the torques are assumed to be applied at the bulk~
heads. The bulkheads consldered are those that have an effective
chear stiffnoes Gyt of the asme order of megrnitude me that of
the cover ahzet.

Bach csll of the box is sudbjected to = known torguo and to
constraining forces erising “rom the two adjecent cells. The con-
styraining forces form celf-oquilibrated groups of four forces X
(t1g. h(b)). The magnitudes of the X-forces at tho (bulkhead)
stationn are calculated fram & act of equations as axplained in
reference 1 and summarizoed for nonvonienco in appendix A.

Cell n 1ip subjected to the action of growp X,.; at the

cutboard end end group Xy ot the inbosrd end. By the method of
internal work, it cen readily be shown (reforence 5) that these
two groupe of forces twlet the outboard bulithead n=-1 with
respect to the inboard bulkheed n through an angle ’

e = gy~ ) )

The quantity &9, 18 the twist correction for cell n; 1t s

negative, that is, it reduces the twist calcvlated by the olementery
theory, vhen X, > Xp.1, which ia the normal cuse. The final angle

of tviet of bulkhoed n with respect to the root bulkhesd r 1is

- 1
e[ @ o

r nsr

In a wving having no cut-oute end carrying no large concentrated
torques, tho only X-group of appreciable magnitude sppears at the
root station. If all other groups are assuned to be zero, the
syatem of equations for determining them (appendix A) degenerates
into the single equation ’

Q"r + Kftﬁ)xr - \r'f. {18)
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vhore the subscript fb denotes Ffull bay. It ghould be noted that

the correction 1s pesiltive, that ir, the twiet of a Full bay is
incrensed by an adjacent cub-out bey.

The relative twict bhetween the end tulkhouds of tho cut-out dbay
can be written in the sams form ac that for full bveys

'PCO = ‘p(’ﬂ * MCO (22)

vhera the pubscripts co cdonote cut-out bay. The K 1omantary"
triot ., do tho twist thet results from the d:foymmtions of the

moribexrs of the cut-out bey vhon thc end bullhcudr are pravented from
varping ovt of their plares; tho walls then act 28 beamn restrained

by end momenta in cuch e monner that the tongents to the elastic curve
at tin two ends of ench bamu ruiraln perallel. ‘Tho triut corroction M’co
is the tvist that would repult 17 tlie wendera o tho cut-out bay were
rigid enc the erd bulkheceds vwore verrced out of tholr planoa, the

gaount of warping brinz determined by tho torquo T and the X-group
acting between the cut-mi boy and thc adjecent full day.

Application of the metho? of internal worl io tho stressen
givon in relercnce 6 yiclds fur the clomentery twist

~ .?
d, Q- K%

st he
A°

BN 12 e . 332 g3
o Xl POZ 4 ["1:-5(1-1«)‘ oM=L QL

ETRYCIN TEAzth J' (23)

For a full-width cut-out, k = 1, nand nll the trmo conteining
(1 ~ x) dicoppoar.

From tho geomotry of the structure, ths twist correction for
one-half of the cut-out bay (fron the midpoint to a bulkhead) 1s

%L\cp,_lo = %%(‘,T + wy)
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vhich may be written

1 :,.T L X
5800 = 5B8%0 * 3%

By Maxw=11's reciprocal theorem, or by direct comparison of tho
formulas, end by vse ol forrula (A3) of eppendix 4, it cen bo
seen that

koogo = tom

By def'inition

1.’x=7.iI

where p 1o the coofficiont piven by formula (Al) of appondix A,
end. X 1is piven by Tearmula (2C) . The twict correction for the
entire length of the cut-out bay can thersforc be written in tho
form

a
Do = 2oy + DX (24)

In orier to be consistent with all asswmptions made, the toirquoe
used in evalvating Tormules (22) to (24) should be tho torque acting
in the cut-ovt tay. The valuen of ™ for the two adjacant full
bays, howwver, should be cnlculated for tho torquea actuslly acting
in thesc bayo,

When the cvt-out is simmll, no closing bulkheade are provided
in general. In thin case, tho chunges in stress distribution will
be confined to the cover arua surrounding the cut-cut (fig. 6).
For purposes of calculeting delflections, the straoes distribution
may bo approvimatod by aseuming thet the shesr flow in the ragions
with double croos-hetehing 1o equal to zero, while the rhear Flow
in crocs-hatched ragions is twice the shear flow that would exzist
i1f there vore no cut-out. The angle of twist between the cnd
stations B can tlen bo calculated by oquating the externsl work
dono by the epplisd torque to the internal vork. The following
equivalent procedure 13 convenient for practicsl epplication.
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BENDING ANALYSIS

Discugpion of fwndamenta). case.- Vhen a wing scction such as
that shown in figure 1 is subjocted to vertiral loads producing
berding, eheer stresses will arise In the cover shoets. The
elementury bending theory neglects the ctrains produced by theas
chear otressoo; the so-called cheer-lag thzories ere refined
theorios of bonding in vhich thwo offects of theso strains are taken
into eccount. Th» englneering theory of shear lug developed in
reference 4 1s based on ths use of nimplified croes soctions osuch
as that chown in Iigure 7. A becam with such a cross seoction may
be wood, therofore, as cxample to 1llustrate the roletive importence
of shear=lag offects on stresseas and on dn"lections. In order to
konp tho formlas as simple es poceible, the discussion will de
confined to a cantilover baam of constant section, Tixcd to a rigld
abutment and subjected to a verticel lond P et tho tip of each
chear veb.

Reforence T shows that the annlytical solution of the stress
problem for euch a beem 1s characterized by the sheur-lag paramotoer

X = q g;—[-i- " é) (26)

vhich plays a similar role in the advanced bending theory as the
toroion-bending parametor ¥ glven by exprecsion (12) in the
advanced torsion theory. The nnalytical formulac for the strecnes
in the flange, in the central stringer, end in the cover sheet are,
reonectively,

oy e i e
Oy v x coch KL i

inh Xx
o = '8(\1 ) fixscgch KL) (28)

~ [y . cosh Kx
CoE (l coeh KI.) (29)
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with

(30)

(31)

vhere t 1t the thicknnes of tho cover sheet and Ap = Ap + Ay,

For convontional wing etructuren tanh K.~ ) and with this
simplification the stresses at the root of tho boam can be written
in the form

(32)

(33)

The daflection at the tip can beo oaleulated from the work
oqration :
' fi
L 002

WL o AL 4
3 o i re=
570 = l, oty dx + | A dx + | Bobot ax (W)
Yo T Jo ° Jo

If % as well an oy, are assumed to have the value given

by the elemuntary theory, and tho modulus G 1o assuwied to be
infinite, consistont with the basic esoumption of the elementary
theory thet plane eections remein plane, the integration of
equation (34) ylelds the femiliar formula .

BRI
i e ST

-
A
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wiformly distributed load, the correction would be twice as lerge,
or 6 percent. If Mg > A, (heavy cpar csps, light stringers), the
corrsction 1s small sni may be practically negligibls; however, if
the spar ceps srve light (4 < AL), ths correction in of soms
practical importance.

Simplificetion of crosg secticns.~ In wing structures, shesar-lag
action 1o apurecicdlo only for vertical losds; consequently, the
discussion will be confined to vertical loade.

According to the shecr~lsg theory given in refevences 2 and &,
the crose sections are simplifisd to the form indicated in figure T.
Only one cover 1o analyzed at 8 time; this {act 18 indicated
symbolicelly ir figurs T by omitting the cover not being znalyzed
at the time (lower cover). The crose-ssctlonal arces Ap end A In

figure 7 ave dafined dy
by = Aoy + gt

Ay = Rago

The width bg 1is taken as one=fourth of the actual width b dbetween

spare. (Note that in references 2, U, and 7, the syzmbol b denotoed
the halt-vidth between spars.) The croes section 1s made eyrmetrical
sbout thoe vertical centerline by using average values of h and Ap,

Calenlet of dotlection corrections ? .
The box 13 divided into bays numbered &s chowvn in figure
Within esch bny, the croes secticn 1s assumed to be cunetant, and
ths loacs ere sssumed to bo epplied at the stations dividing the dbays.
The bulkheuds play no role in the shear-lag problem, end the bays
may thersfors be choscn in any conwvenient manner; it is usuelly
advantageous to uea chort baye in theo regions near the root and neer
largs discontinuities of loading or croesz esction, and long bays in
ths remaining pert of the box. Cn mceount of symmetry, only half-
esctions sre connsldcred sp indicatod dy the full lines in figure T.

As a result of interaction dbetween bays, self-egquilibrated
groups of X-forces sppsar (fig. 8). The method of calculating
thesa forces is similar to that shown in oppondix A for the torsion-
bending forces and is summarized in reference 2. .
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The X-forcos applied to the cornsr flangea causo stresses

MF-'% (38)

" which conctitute the shear-lag stress corrections to the elementary
stressea. At nny given station, the ciross Acp cavsen & curvature
of the elastic line . :

4 o
- . {39)

-which must be added to the curvature 1/R; caused by the olementary
stresses ¥ thet 18 given by formule ().

Ons possible rrocadure Yoy doflection analysis is, therefore,

Aoy
to plot the spanviso curvea of 'rm-z for the uppor and the lower
cover, add these two curves to thr M/EY curve, and :I.Etegrata in
the fami)iar mannor to obtain ths total derlections (o + 83). In

practice, it may be preferabls to plot only the mum of ‘% for

the upper and lower cover end to integrats the resultant curve in
order to obtain eeparately the excess deflection By caused by

shear lag; those dcflections cen then be added to those calculated

by the elem ntary theory. As previouely mentioned, the deflections B8y
caussd by shear strain of the webs cen be calculated independently and
added as additionsl corrections when necossary.

In shell wings hoving no large discentimmities of cross section

- or loading, the chear-lag offect 1s concentrated in the region of the
root and depends chiefly on ths characteridetics of the cross section
and the loading in the root bay. Simplo approxhmations can then be
used for the stress corrections in the root region, and the corre-
aponding formulas for the deflection correctiona may be used for the
purpose of naking & guick estimate. In conventional wing structures,
the eptimate will gonerally show the deflection corrections to be so
anall that a more elsborate salculation is not warranted.

A crons Bection at x = b from the root may be considered as

representative of tho root region, and thea ghear-lag paresmeter K is
computed for this section by formwla (26). If KL > 6, a conditlon
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vhich will be fulfilled In practically ell conventional wings, end
if the loading is reavonably uniform, tie stresn corroction can bo
wvritten in the form

SWALE-K'X

2p % FRgh K (1 + K4) (40}

vhera @ 15 the half-length of the cerry-throvgh bay and 21l
quantities appeoring in the fraction (except x) ura measurad at the
"ropreaentat!vo" station. The factor s "% givco the decroase

of the correction with increasing distance from the root (x = 0);
within tha carry-through bay, the correction mey te assumed to have a
congtont value equal to the root velus. Amlication of formula (39)
and gpproximate inteprntion coneisteont with the oider of accwracy of
formula (40) gives the dailoction covvection for the tip of the beam

. 1 )
[ ) + - e
by ( 14K -

] L
%1 n*EANKC (1 + Ka) Ge

Becanse the correction is emall, it will be sufficicntly
accurato to asevme thet it decren~es linearly to zecro at the ntation
lying at a distance 1/K from the root. It should be noted that
formula (41) gives the eorroction emused by shear-lus action only

for ona ~over of' tho box. Algo, ﬁF, K, =and so forth, charactcrize

the half-cection; therofore, Uy must be taken as the shour force
in ono ‘wob.

If the atringero 4o not ‘cerry through at the root, tho root
se~tion muet beo considored es a full-width cut-out, and the method
dascribod in the noxt section ies applicabln.

Celculation of deflections Ffon winms with cuh-outs.- The otress
in 2 strirger interruptod by a cut-out drops to neerly zero at the
odge of the cut-out (fig. 9) unloss the cut-out is very rmall and
cxtremely heavily reinforced. It is coumon practice to compute tha
stringer etrecanea nesr a cut-out by opplying tho ordinary bending
theory to the crose cection of the box after multiplying the crose-
sectional arees of the stringers by an effactivenese factor. The
procedvrae 1o simple and ip well adapted to computing effective
nomentn of inertia thtt wre mdequate in mest casoe for e daflsction
analynio by the stendard procedurs of integrating the M/EI curve.
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The most severe typo of cut-out is *he full-width cut-out at
the root of the wing, which is frequently encountered in practice
in the ferm of a zero-longth cut-out (stringsrs troken aut tha root
Joint) or in tho form of o finite-length cut-out (vheol woll or gas
tank bay). Figurs 10(a) ghows a Trog-body diagren of the section
of the cever between tho outbeard edge of the cut-out and a
section A-A come digtance farther out. Shear-lag calculations
on typical vinge show that the stringer ctresses at the soction A-A
are roasonably close to thoso given by the elementery theory wvhen
the dietencn betwecn the noction A-A and the root i3 a rather rmall
fraction of the eemispen. Under those circumstances, the problom
can be simplifiecd by removing the cdge ohears end increasing the
total force M/h at tho pection A-A to oguel the force M/h at
the root. Theo beam problem is thms rednced to the preblem of the
exiolly lcaded pancl (fiz. 10(b)).

By definitien, if the offective etringer aren AL,:. waro

attached directly to tho spar cens, the ntress in tho flenge would
be the same ac in the actval structure. The eouation defining "Lo
1o thereforo

ophy,, = OpAL

(¥2)

By the chear-lapg theory of reforcnco 4 , ‘the valuer of op and oy,

&re computed for a .uubotitute pencl as ghown in figure 11 (with bs =%)

The formulas for ouch a pancl are given in referonce 7. Because the
rancl is aceumoed to bo long onough to have a reasornably vniform cherd-
vise distribution of stress at ctution A-A (fig. 20(1)), or ap= of
at the correcpording station A~A of the subctiivte paned (fig. 11),
the formulas mey be simplified by assuming that the penol is very
long. The form:la for tho atringer offcctiveness then becomes

(43)

vhero K ig the shear-lag peremcter defined by cxprecoion (26).
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The effectiveness factor is plotted in figure 12 against the
parameter .

\]L 25 -\ s

Tn such & lot, the effectivenons factor dspends only on the

ratlo fp/Ar, and Inspection of the figure rhovs that variation of
this ratio changes the sffectiveness nppreciebly only when Ap/Ap,
drops well bolow vnity. This circumstence is fortwnate, boceuse it
indicates that only smell errors will result i7 the Pactor is
applied to panels in wnlch JAp varies rayldly or is not accurately
Jmown. The First contingency arisee in practico in tho structurs
undor consideration here. The second contingency srises in the
analysis of partial-width cut-outs, which will be discussed leter.

At the end vhero tho load iz applied the edgn member mugt carry
the entirs load. With increasing dictence from the end, however, ths
load carried by the olge member decreases rawldly because the stringers
take thelr sharc of the load. An edgo membsy of cometant soction
would therefore be insfficiocnt, znd in practice the momber is
strongly tepered. TFor the :ldoa..ly tapored meomber (°‘F = constant),

ths ratio ALe/AT ig identicel vith that shown in figuro 12

for Ap/A->w. In en actusl structure, the toper would probably bs
only en epyroximation to the ideal tapor, but because the stringer
effectivencas is ovidently very insenaitive to changes in the

ratio #&p/ly, the curve of A, [by, for Ifp/ir -2« glven in figure 12

is recommended for general use. Ths formula from which the curve is
derived 1s :

A
—L‘e-=1'e

M,

-Kx

[Bae

K-\[’Eb.ﬂg-\\m

Ker (43a)

If & cut-out ia nearly full width, it iz obviously psrmissibls
to consider all watorial that is continuous over the net méction as
being part of tho corner flange, that is, shear-lag effects within

.

S T S A

et -
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thie region are nsglected. Formule (43) can thorefore bo appiied
with tho undorstendirg that Jp means tho cross-eoctlonal arca of

all material not interrupted by tha cut-ont (vpper part of fig. 13},
Ay, means ths cross-gectional arsa of the material interrupted by

the cut-out, and the subotituts width b used to calculate X by

formula (26) is token as w/k. Altornatively, formula (43a) may be
used to eliminate any consideration of 4Ap. The effoctlive area ALc

is acsumod to be attachod to ths coeming stringer bordering the
cut-out (lowcr part of fig. 12) for the purpone of computing the
effoctive momont of Inertie. As the cut-out becomns emeller and tho
net pection vider, tho amsumptlon that shear lag in tio continuous
materiel mey be neglected becomos more questionuble. Howover,
experimental results on axlally louded panols huve rhovn (reference 8)
that thic essumption ‘gives tolorablo accurecy, even for stross
analysis, ercept in vory small cut-outs; it should, thereforc, be
adequate for deflection anslyels 1ln all camo:, bocaues the offect

of a very small cut-out on the deflcctions 1ls nogliglble.

A theoraticel difficulty ariecs when the cut-out le mo clone
to the root that there 1s apprecisble interfercnco botween the strese
disturbance nmroduced by the cut~-out and the dlsturbance ceused by the
root. This condition moy te caid to exlst when tho distanco =x
betwoon the root and tho inboard odge of the cut-out 1s such
that Kx < 0.4, where X ir the shear-lag parcmetcr defined by
formula (2L) for a section halfway botween the root and the edge of
the cut-out. For euch caces, the {ollowing epproximate proceduro
1c suggested:

(1) Meke allowance for tho effoct of tho cut-out by
determining tho effective arsa AI.O of tho cut stringers as

doserlbed in tho preceding paragraph.

(2) If the otringers are contimmous ovor the root joint,
calculate tho deflection correcction for root effect on the
assumption that no cut-out exists by one of the mathods given for
wings without cut-outs. In view of the uncertainty produced by
tho interforence between cut-out offect and root effect, an
oetimeto by meens of formulo (41) shounld be edoguato. Multiply

thle deflection cerrection by the Lactor ( = _‘E') to obtain
the final correction.
If the stringsrs are broken at the root jJoint, apply tho

method glver for a full-wldth cut=-out to the subttituto structure
shown in the lower part of figuro 13. This structure conelsts
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APPENLIX A

Svmmary of General Irocedure for Torsion~Bending
Analysic of Wing
Tie wing 17 divided irnto bays by the main tullhouds, a main
bulkhead being definsd ru ons whizh hag a shear stiffness Gt of
the pamo order of megnitude ag the top or bottom cover. The torque
ic anowmed to be applicd aut the bulkhcoda. The tays are rumbered
ns chowm in figure L(a).

Caompute for each bay the cocfilcienin

‘_;.Jnu

P )
acth .+b t:(;

In thece vypressionn, a 1is the length of bay n, T is the
(accumulated) torque in the bey, end the remiining dimensional
terms rro defined by fimvre 2.

The Tlange forces X (L£ig. 4(b)) produced by the Internction
between aljacent baye nr: calculeted frouw the sct of equations

= (p,_ + F?)}{l + q"x! w'.'F + '..‘g

P4 T (Pn + 1‘3):;‘- * q3}23 = w?; + w'g

@ s 8 v 8 v 8 @ v e s @ v o & o s e e = »

L}
I¥n-1 " (Pr * P2’ * Gpa1¥pan "'g +

-’

The positive directions »f T ard X are defined by the arrowe
in figure b(b).




I'ACA TH Mo, 1361

APPETDIY 3
Deturmination of Conatent i for Torsion Box with Cut-Out

The constant k appesring in cquations (20) to (22), which
detcrmires the division of the torque betwesn the vertical walls
erd the horizental walls, ie determinsd by the formmla

Cr

b
Ca v+ 2a

Cq

c10' = A0

The dimensione sppearing in thece exproscions are
defincd in figure 5. Vhen the net section is very rnarrow, the




torns Cq end Cg» Cq' end cp' are replacsd for greater
venience of computation by the terme

ﬂ2d2

c’ra JEI

Cga = !&_3%-»2(1) _%_c-)

vhere I 13 the moment of inertia of the mt peckion (inclvding
the sper cap) conpifzred up & ‘boom being bont in the plane of
cover. Wien the coefticionts C7, C8: ¢q's snd Cg' are used,
an approximate allovence for the strirgers in the net gnction
ghould te nade hr adding ons-pi:th of their totel erce to the erel

of the cosmwing glringer &e well ao to tho aved of tha spar CBPp in
the cut-out bay.
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APPERDIX C
Rumerical Examplesz

The numerical exemples will be based on the box shown in
figure 1i. In the celculations, G/E +will be taken as 0.385

and G +will be taken as b x 10° pei.

g:_xa_mz]u_(o)_l.- The box is loaced with & uniformly diestributed
torgue of 400 pound-inchos per inch. Find the angle of twist of

the box.

The dintributed torque loading is repleced by & serien of
concentrited torgues, applied at the dbullheads and of such magnitude
that the toreue in each bay ie equal to that produced in the middle
of the bay by the distributed loading. The slemontary twist § ie
computed by msans of formules(7) and (8) and 1s plotted in figure 13,

By formulis (15) and (152)

A =2.568 + %x 10 x 0.080 + o.oéé(o.oko + 9_-51260 » 2,908 sq in.

Next, the coefficients p, g, and W are computed by
formiles (AL), (42), end (A3), respectively. In ardor to simplify
the numberas, all coefficients are muitiplied by G. Because -

(Tm-l - ’J.‘n) is constent, only the difference -,,wg'ﬂ - w,?) need de
" computed in additlon to the last coefficient ) ’
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1 [ 60 10\
P EX 60(0.‘0‘40 * gofo) = 6033

1 €0 10
gy 60(0.')1;0 * 5o = 2061

400 % 60 €0 10
s s R - ) €375

m
T T
'!'."'?, b n )

25 x_0.39% -
-2—5353- 3.,‘\10

Substitution of' the foregoing terms into (Ah) yields the
following et of equationu

/
h.2iy
L}

9
Act®

12.066%; + 2.061¥p = &8T5
2.061¥ - 12.066%p + 2.061X3 = 5675
2.061Xp ~ 12.060X3 + ?.,061Y), = GB75
2.061X3 = 12.066X) + 2.061X5 = 75
2.061%y, 9.343%5 =30,937

The solution of thesc equations is

Xy = ~703 pounds
% = =816

= =T72

= 'l)’l‘

= P2
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By formula (16)

1 (60 10) e
=" - ~709 = 0) m 203 % 1076 reaans
L ™ X 60 x 10 x b x 10010:040 ~ 0080, T )

6
6

APy = 31 % 100
295 = =24 X 10”
o, = -171 x 1076

g = <979 % 1076

These corrections are added to the elementary twist 'E) to obtain
the twist ¢ show in figwre 15.

Example 2.- The box is loa‘ed &8s in cxample ). Find the angle
of twist of the btox considoring all twist corrections negligible
except thocay for the root dbay.

By solving equation (18)

9

0 -
Xg = 6—.'5'3'3_1" = 3311 pounde

k-
3.310

. 1 i_60 _ __10 ) - -6
A5 ™ % 60 x 10 x b x 106104040 ~ T.085) 331 = 948 x 107 rediens

The twist ¢ computed by edding thiz correctlion to the elementary
twiet @ is elso cho'm In figure 15.

Exampls *.- The box haa a full-width cut-out in the top cover
of bay 3. It im loaded as in evample 1. Find the angle of twist
of the box considering all tvilat corrections to bs nepligidble

except those for the rcot bay, ths cut-out bay, and the bay on
elther side of the cut-out bay.

The torque-divislon factor, which must noxmally be computed by
means of formula (AS5), 18 k =1 for a Full-width cut-out.
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¥With the definitions of figure 5(b)

Ay = 2.908 &g in. (from exsmplo 1)

Ar = 2,168 + %‘-x 10 % 0.080 = 2.601 g in.
By formula (21)

60,000 X 30 [_60 6

ay = v . 10
2 x 602 x 10° x 4 x 10610:040  0.080

)(2 - 1) = 859 x 10" radiens

&y = &9

. By formulas (24) and (20) and by taking tho valwe of p from
example 1

- 3 6.0 60,000 x_30
&y = By = 2 x 859 % 2076 + FEI x L0Ty o BEELH

6

= 3527 X 10"° radians

From exsmple 2

a9 = -948 x 10-6 radiana

By formula (23), taking 1/G outside the bracket,

2
~ 60,000 [Lhx30 . __0.985%; 32
93 ™ 60 % 10 x b x 10010 :080 x 80 TY RS O R 15

9
, 1 2 -
+3§2_9 - Oglo)slo%xloémdim

The twist of tha box nbtained by adding the elementary twiste end the
corrections is uhown in fipure 16. TFor corperison, the twist of the
box without cut-out (exumple 2) is alec shown.




a2 L¢ + g X L] o
_A » l 11 + 14 1 - D
T, 2(6() X 0,0 0 1k x 00—5) 2 > 8 in
LT q L[]
AT = 4‘ .3)‘1 Hg 11]0
B.Y fomu.'!.a (—"6)

1!
2.25

K- [ 2385 x 0.040/ . 1
|35 (2.301 *

KL = 0.02917 % 300 o 8.751

‘Kd = 002917 « 25 = 0.729

(=]

h‘
T = = 1950 x 100
_ Z x = 2h2,55 4 b4

-

By elementury theory

Fofl . pard  u3
é'ﬁ*?m“'ﬁ%f('{”d)

"EX a3l
CO
2 x 10.L x 10~ x Eh2.55(31:_+ 2
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By formula (11), taking into account both covers

B = 2 6750 2,2 00 1+ s - . h
17 %1100 x 20.4 x 10° x 4.851 x 2.601 X 0.000851(1 + 0.729)
= 0-7& in.

or 5.7 percent of %. A more accurate calculation of 83 would be
pointless because the 5&1!1 45 accuyacy would be less than the
probable accuracy of B
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